ABSTRACT. It was proved by Fan-Lee and Fan that the absolute GromovWitten invariants of two projective bundles (V i ) → X are identified canonically when the total Chern classes c(V 1 ) = c(V 2 ) for two bundles V 1 and V 2 over a smooth projective variety X . In this note we show that for the two projective completions (V i ⊕ ) of V i and their infinity divisors (V i ), the relative Gromov-Witten invariants of ( (V i ⊕ ), (V i )) are identified canonically when c(V 1 ) = c(V 2 ).
( y i ).
We also have
satisfying Z (π * 1 (σ)) = π * 2 (σ) and Z (z 1 ) = z 2 . Since via the inclusions ι i we could identify the fiber classes of Y i → X and Z i → X , Ψ restricts to N 1 (Z 1 ) ∼ = N 1 (Z 2 ). Our main theorem is with γ i ∈ H * (Z 1 ), µ = (µ 1 , . . . , µ ℓ(µ) ), and Z (µ) = ((µ 1 , Z (γ 1 )), . . . , (µ ℓ(µ) , Z (γ ℓ(µ) ))).
We prove Theorem 1.1 via virtual localization for relative GromovWitten invariants [GV05] , the topological view for Gromov-Witten theory of Maulik-Pandharipande [MP06] , and the results of Fan-Lee [FL16] and Fan [Fan17] on the uniqueness of absolute Gromov-Witten theory of projective bundles.
In proving this theorem we need to consider the rubber invariants of the projective completions of the normal line bundles of Z i in Y i for i = 1, 2. The normal line bundles of Z i in Y i are Z i (1). For simplicity we denote them by L i . The projective completions of L i are
, for i = 1, 2,
and W (w 1 ) = w 2 . Therefore one can see that W is determined by Z .
In the following we denote all fibration projections from
1 , the fiber of π : W i → X is the one point blow-up of n , i.e. the projective completion of n−1 (1). Denote the fiber class ofπ byF i , and the fiber class of π : Z i → X and π : Y i → X by F i . We could extend Ψ :
whereι i : Z i → W i are the inclusions as zero sections for i = 1, 2.
In the following, when we consider a single vector bundle V → X , all notations above apply.
RELATIVE GROMOV-WITTEN INVARIANTS OF FIBER CLASS
We first consider fiber class relative Gromov-Witten invariants, i.e. those invariants with homology class being a fiber class of π :
We consider a single vector bundle V → X . Let F denote the fiber class of π :
, we see that fiber class relative Gromov-Witten invariants of (Y, Z) reduces to relative Gromov-Witten invariants of ( n , n−1 ) as follow. Consider a fiber class relative moduli space of (Y, Z)
There is a fibration structure
whose fiber is the relative moduli space of (
where is the Hodge bundle. We then have
Therefore for
with σ i , γ j ∈ H * (X ), we have
The integration
are obtained from the Hodge integrals of descendent relative GromovWitten invariants of ( n , n−1 ), which only depends on µ, (k 1 , . . . , k m ), (a 1 , . . . , a m ) and (b 1 , . . . , b ℓ(µ) ). The transformations Y and Ψ do not change these datum. Therefore Theorem 1.1 holds for fiber class relative Gromov-Witten invariants of (Y i , Z i ).
RELATIVE GROMOV-WITTEN INVARIANTS WITH GENERAL HOMOLOGY

CLASSES
In this section we consider Gromov-Witten invariants of (Y i , Z i ) with general homology classes.
3.1. Relative virtual localization. We first also consider a single vector
with L = Z (1) being the normal line bundle of Z in Y as in Section 1. W has the zero section Z 0 and the infinite section Z ∞ , which are both isomorphic to Z. We also use F to denote the fiber class of π : Y → X and π : Z → X , andF to denote the fiber class ofπ : W → Z.
We consider relative Gromov-Witten invariants with non-fiber homological classes of (Y, Z). After [MP06] , we use virtual localization for relative Gromov-Witten invariants, which was worked out explicitly by Graber and Vakil [GV05] , to reduce relative Gromov-Witten invariants of (Y, Z) into twisted Gromov-Witten invariants of X with twisting coming from V and rubber invariants of (W, Z 0 ⊔ Z ∞ ). Then via the rubber calculus in [MP06, Section 1.5], the rubber invariants are related to fiber class relative Gromov-Witten invariants and distinguished type II invariants of (W, Z 0 ⊔ Z ∞ ). At last distinguished type II invariants of (W, Z 0 ⊔ Z ∞ ), are determined by an induction algorithm in [MP06] with fiber class relative Gromov-Witten invariants as the initial data.
Take a self dual basis
Denote the corresponding moduli space by Γ with Γ denoting the topological data
There is a * -action on Y = (V ⊕ X ) via dilation on the fiber of V . This action has two fixed loci:
• one is X embedded into Y as the zero section, whose normal bundle is V → X , • the other one is the infinite divisor Z = (V ⊕ 0) = (V ), whose normal bundle is Z (1), denoted by L. 
Stable maps in
by the finite group Aut( η), which consists of permutations of {1, . . . , ℓ} preserving η = (η 1 , . . . , η ℓ ). Denote the quotient map by gl:
where
The virtual normal bundle of the composite locus Γ ′ ,Γ ′′ consists of two parts. The first part is the virtual normal bundle
The second part is a line bundle corresponding to the deformation (i.e. smoothing) of the singularity
. The fiber of this line bundle over a point in the fixed locus is canonically isomorphic to 
We next describe explicitly the fixed loci of Γ . We first consider the simple fixed locus • (C, x, y) with absolute markings x = (x 1 , . . . , x m ), and relative markings y = ( y 1 , . . . , y ℓ(µ) ) is of the form
with C 0 ∩C i = {N i } being a nodal point, called distinguished node,
• C 0 is a genus g pre-stable curves with m marked points x and ℓ(µ) marked points n = (N 1 , · · · , N ℓ(µ) ) corresponding to the ℓ(µ) distinguished nodes.
• For 1 ≤ i ≤ ℓ(µ), each C i is a Riemann sphere with a marking y i and a marking N i corresponding to the i-th distinguished node.
to X , and whose equivalent class belongs to the moduli space 
is the space of infinitesimal automorphism of the domain (C, x, y). We have
is the space of infinitesimal deformation of the domain (C, x, y). We have a short exact sequence of * -representations:
is the space of infinitesimal deformation of the map f , and
is the space of obstruction to deforming f . Let .
On the other hand we have the following exact sequence
Here F i is the flag corresponding to the node N i and C 0 .
Denote by E = f * (T Y (−Z)). Then the exact sequence (3.3) gives us the following exact sequence
• the contribution from deforming maps along X :
• the contribution from deforming the distinguished nodes:
Denote the last two contribution by Θ Γ , it contains psi-class out of T N i C 0 and Chern class of V . Actually, the second item contributes the twisting coming from V for twisted invariants of X . Then we get
where the sum is taken over all possible ℓ(µ)-tuples of the chosen basis Σ ⋆ of H * (X ), and
is a product of fiber class (1+1)-point relative Gromov-Witten invariants of (Y, Z). Such invariants were computed by Hu-Li-Ruan [HLR08,
Section 7] and depend only on µ. The invariant
is a Hodge integral over the twisted Gromov-Witten invariant of X with twisting coming from the bundle V , which by the Quantum RiemannRoch of Coates-Givental [CG07] , is determined by the Gromov-Witten theory of X and the total Chern class of V → X . We next consider composite fixed locus. Recall that a composite fixed locus is of the form
By the analysis for simple fixed locus, the contributions from 
Note that here the ̟ may be just a part of the initial one in (3.1), g may less than the g in (3.1), and β is just the previous β ′′ . There maybe disconnected rubber invariants in the contributions of Γ ′ ,Γ ′′ .
Rubber invariants.
Via a boundary strata analysis and rigidification in [MP06, Section 1.5], rubber invariants of (W, Z 0 ⊔Z ∞ ) in (3.4) are determined by fiber class relative Gromov-Witten invariants of (W, Z 0 ⊔ Z ∞ ) and distinguished type II invariants of (W, Z 0 ⊔ Z ∞ ), i.e. invariants of the form: The three relations express the invariant R as a summation of products of twisted Gromov-Witten invariants of Z with twisting coming from L * , and distinguished type II invariants R ′ that are lower than R with respect to the partial order
where (1) C R is a constant depending on ν; (2) all C * , * and C * , * , * are fiber invariants of (W, Z 0 ) and
′ denote those distinguished type II invariants of (W, Z 0 ⊔Z ∞ ) that have genus g and homology class β but are lower than R with respect to the partial order • <. (7) We next focus on "· · · ". In the original relations (cf. [MP06, Relation 1, Relation 2 and Relation 2']), "· · · " stands for distinguished type II invariants of (W, Z 0 ⊔ Z ∞ ) and relative Gromov-Witten invariants of (W, Z 0 ) with homology class β ′ such that β − β ′ is effective or β = β ′ but genus g ′ < g. However, by virtual localization the latter ones are determined by Hodge integrals in twisted Gromov-Witten invariants of Z with twisting coming from Z (−1) = L * , the normal bundle of Z ∞ in W , and rubber invariants of (W, Z 0 ⊔ Z ∞ ) with β − β ′ is effective or β = β ′ but genus g ′ < g. The latter one are determined by distinguished type II invariants of (W, Z 0 ⊔ Z ∞ ) that are lower than R. Therefore, in the formula above we use "· · · " to stand for combination of Hodge integrals in twisted Gromov-Witten invariants of Z with twisting coming from L * ,and distinguished type II invariants of (W, Z 0 ⊔ Z ∞ ) with homology class β ′ such that β − β ′ is effective or β = β ′ but genus g ′ < g.
PROOF OF THEOREM 1.1
Now consider V i → X , i = 1, 2 that satisfy the conditions in Theorem 1.1. First of all, the fiber class relative Gromov-Witten invariants of (Y i , Z i ) are identified via (1.1) by the analysis in Section 2.
We next consider non fiber class relative Gromov-Witten invariants. By virtual localization, the contributions from simple fixed loci for the invariants in (1.1) of both (Y i , Z i ) are identified via Y , Z and Ψ. We next show that we could identify the contributions from composite fixed loci. We only need to show that rubber invariants of (W i , Z i,0 ⊔ Z i,∞ ), and fiber class relative Gromov-Witten invariants of (W i , Z i,0 ⊔ Z i,∞ ) and (W i , Z i,0 ) are identified via Z and Z (z 1 ) = z 2 by the analysis in Section 3.2.
All fiber class relative Gromov-Witten invariants of (W i , Z i,0 ) and (W i , Z i,0 ⊔ Z i,∞ ) are identified similar as the analysis in Section 2 or [MP06, Section 1.2] as follow. Note that we identified w 1 with w 2 . Then by the analysis in Section 2 or [MP06, Section 1.2], the fiber class relative invariants of (W i , Z i,0 ) and (W i , Z i,0 ⊔ Z i,∞ ) are identified once we identify the integration over Z i of cohomology classes in H * (Z i ). In fact, this is identified
Hence the fiber class relative Gromov-Witten invariants of (W i , Z i,0 ) and
Now we consider rubber invariants of
. The boundary strata analysis and rigidification procedure are identified via Z and Ψ automatically from the presentation in [MP06, Section 1.5]. So we only need to show that we can identify distinguished type II invariants of (W i , Z i,0 ⊔ Z i,∞ ). First of all, via W (determined by Z ) we could get a one-to-one correspondence between distinguished type II invariants of (W i , Z i,0 ⊔ Z i,∞ ) for i = 1, 2. We use R to denote the invariant for (W 1 , Z 1,0 ⊔ Z 1,∞ ) and (R) for (W 2 , Z 2,0 ⊔ Z 2,∞ ). Via the induction (3.5), one can see that after assuming that all invariants R ′ • < R are identified, once we fix the H ∈ H * (Z 1 ) for (W 1 , Z 1,0 ⊔ Z 1,∞ ) in (3.5) and use the corresponding (H) for (W 2 , Z 2,0 ⊔ Z 2,∞ ) in (3.5), the invariant R of (W 1 , Z 1,0 ⊔ Z 1,∞ ) is identified with the invariant (R) of (W 2 , Z 2,0 ⊔ Z 2,∞ ) if the Hodge integrals in twisted Gromov-Witten invariants of Z i with twisting coming from Z i (−1) are identified. However, via the Quantum Riemann-Roch [CG07] the twisted invariants of Z i are determined by invariants of Z i and c 1 ( Proof. By the degeneration formula (cf. [LR01, Li02, IP04]), GromovWitten invariants ofX are determined by relative Gromov-Witten invariants of (X , (N )), and ( (N ⊕ Z ), (N )), where N is the normal bundle of Z in X . Maulik-Pandharipande proved that relative GromovWitten invariants of (X , (N )) are determined by absolute invariants of X and (N ). By Theorem 1.1, relative Gromov-Witten invariants of ( (N ⊕ Z ), (N )) are determined by Gromov-Witten invariants of Z and c(N ). Meanwhile c(N ) is determined by H * (X ) → H * (Z). On the other hand, absolute Gromov-Witten invariants of (N ) is determined by Gromov-Witten invariants of Z and c(N ) too as proved by Fan [Fan17] . This proves the conjecture.
Fan [Fan17] proved this conjecture by first reducing relative GromovWitten invariants of ( (N ⊕ Z ), (N )) to absolute Gromov-Witten invariants of (N ⊕ Z ) and (N ) via the absolute/relative correspondence result of Maulik-Pandharipande [MP06] and Hu-Li-Ruan [HLR08] , then applying results on the uniqueness of absolute Gromov-Witten invariants of projective bundles proved in [FL16, Fan17] .
On the other hand, for the case considered in the conjecture, N splits into a direct sum of line bundles. By Maulik-Pandharipande's result, the relative invariants of (X , (N )) and ( (N ⊕ Z ), (N )) are determined by absolute Gromov-Witten invariants of X , (N ), (N ⊕ Z ). We could then apply virtual localization [GP99] with respect to a ( * ) l -action on (N ) and (N ⊕ Z ) to show that the absolute invariants of (N ) and (N ⊕ Z ) are determined by twisted invariants of Z with twisting coming from N , which by Quantum Riemann-Roch [CG07] are determined by GromovWitten invariants of Z and c(N ). This procedure was done previously by Chen, Wang and the author in [DCW17] for complete intersection in the more general orbifold case.
